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Shape of The Cross Section in
Freely Suspended Discotic Strands

Y. F. SUN and J. SWIFT
Department of Physics, The University of Texas at Austin, Austin, Texas 78712

(Received May 9, 1986)

A free energy expression including surface terms is given for a freely suspended discotic
strand near a phase transition. By means of symmetry considerations and the theory
used in discussing the equilibrium shapes of crystals (ECS), the changes of the
shape of the cross section and the Wulff plot structure through the phase transition are
investigated.
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Freely suspended discotic strands can be formed in columnar liquid
crystals with a two dimensional order in the plane perpendicular to
the strand axis.!? For HAT (triphenylene hexa-n-dodecanoate) ma-
terials, two different columnar (D; and D,) phases and the phase
transition from one to the other have been observed by either opticall
or high resolution X-ray experiments.” In the low temperature
D, phase, different orientational states (see the definition in Ref. 3
and 4) may separately exist along the strands, each of which corre-
sponds to a single domain in the strand.! The symmetry analysis and
suitable order parameter for the D, — D, transition in an infinite
bulk system have been presented by the present authors.>¢ Here, we
will focus on the existence of a surface in the freely suspended strand
system and related properties which may have significant changes
through the D, — D, transition, e.g., the surface free energy, shape
of the cross section etc. These changes should be dominated by the
symmetry change through the D, — D, transition, and therefore
should be closely related to the order parameter.

The freely suspended discotic strand will be treated as an infinitely
long system. The diameter of the strand is supposed to be large
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enough as compared with the internal column spacing so that one
can consider it to be composed of an infinitely long strand-like bulk
system and a surrounding dividing surface, both of which are uniform
along the strand. The total free energy per unit length, F, can then
be written as F = F, + F, (b means bulk and s, surface). We assume
the system is in equilibrium with its environment.

For the sake of simplicity, we will ignore the molecular tilt and
spontaneous strain effects®® in the D, phase i.e. we will discuss a
model system similar to that of Ref. 5.

The macroscopic properties of a crystal system depend on the sym-
metry of its crystal class” which is described by a suitable point group.
In this sense, the change of the symmetry through the transition in
our system can be considered from the Cg, point group to C,, without
loss of generality (see the arguments in Ref. 4). We will choose the
coordinate system of Figure 1 of Ref. 4, so that the edges of the
rectangular unit cell in the [1, 0, 0] state of the low temperature phase
are parallel to the x and y axes.

Suppose the shape of the cross section in the high temperature
phase is described by the equation

dy(x,y) = 0. (1)

From the viewpoint of symmetry considerations, Eq. (1) should be
invariant under Cg,. Of course this requirement can be simply satisfied
if ®,(x, y) as a function of x and y is invariant under C,, (this happens
to be the case in the following). For a second order phase transition
or a first order transition with small latent heat, in the low temperature
phase near the transition point, a slight change of the shape of the
cross-section from Eq. (1) is expected. The shape in the low tem-
perature phase then described by

Do(x.y) + 3P(x,y) = 0 2

where 3P (x,y) is small.

We further expand 8 (x, y) in Eq. (2) according to the irreducible
representations (IR) of C,. The equilibrium form of 3® (x, y), which
minimizes the total free energy, F = F, + F,, should keep Eq. (2)
invariant under C,,. This requirement restricts the number of the
permitted IRs of C¢, in the expansion of 5®(x, y). The allowable IRs
are 7, (the unit representation which preserves all the symmetry op-
erations in Cy,) and 7, (the one which may lead to C,, symmetry in
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the low temperature phase) of C,, in Zak’s table.® So, we expand
3P (x,y) as

Bq)(x’y) = €0¢0(X:Y) + 51‘1'1(3‘,)’) + 524‘2(3%)’) (3)

where 1, is invariant under Cg,; and {;; (x,y) and ¢, (x, y) transform
according to IR of 7.

U1 (x,y) and b,(x,y) give the possible modes of changes of the
shape (i, is added to keep the area constant) and €; and €, are the
amplitudes of the modes. Eq. (2) can be put in a form

y = y(x’EO’EI’EZ) - (4)

Now, we add the condition that the area of the cross-section is un-
changed through the transition, i.e.

J- ydx = const. 5

Condition (5) means that only two of the three parameters (g, €,
and €,) are independent; say ¢, and €, in the following. Now €, and
€, may be regarded as order parameters in the density function,” and
transform in the same way as ¥, (x,y) and ¥, (x, y) respectively. Fur-
ther, any term in the free energy expression should be an invariant
of C,,. The total free energy per unit length of the strand can be
written as

F = F, + 8F (6)

where
1 2 A S
5F=(Ern2+uﬂ4+v2n?)z‘1+<§2€%+”Z€iﬁ'({""i})>l“ ™
i1 i=1 i=1

and where 8F is the change of the free energy associated with the
symmetry breaking through the transition; f;({n;}) and f,({n;}) are
the lowest order possible homogeneous functions of {n;} which trans-
form in the same way as €, and €,. Thus, fi({n}) = 2nf — n§ — 3
and f,({n}) = V3(n% — m3) (See Egs. (6a) and (6b) of Ref. 4). Also
A is the area of the cross-section; and L, its boundary length. In the
following, we choose the unit of length so that A is equal to unity.
Then we have
1 3 J 2 2
F = orm? + umt + v ol + SLY & + uL Y efiin)). ()
i=1 i=1 i=1
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If we neglect the last two terms, which represent the change of
surface free energy, Eq. (8) reduces to Eq. (12) of Ref. 5. The stable
values of {n;} and {¢;} which minimize 8F should be obtained from
83F/dm; = 0. and 08F/de; = 0. Several sets of solutions are available.
However the one which gives the extreme minimum value of &F
should lead to the correct orientational states in the low temperature
phase as observed experimentally.! This is the same as obtained in
the bulk system.? For this reason, we minimize 8F by the following
steps:

(1) determine the orientation of {n}, [v;, v, vs) (m, = vm,
Yi + v3 + v3 = 1) by neglecting the last two terms in Eq. (8),

(2) determine €, and ¢, in the given orientational state.

The results from step (1) are familiar. There are three orientational

states in the low temperature phase, corresponding to [y{. v%, ¥4] =
(1, 0, 0}, [0, 1, 0], and [0, O, 1]° respectively. Step (2) gives

2 , " 1 5 2
¢ = - EhRW — 8 P = SR - 98 - WA (%)
V3pm? V3
G = W - AP = R - A (9b)
J 2
with A = —2un2/J.

In either case, we have

1 2w
8F|., = Emz + (u + v)n* - ;L Ln®. (10)

where the subscript eq means that {n} and {¢;} in Eq. (8) take the
values which minimize 3F. The last term in Eq. (10) represents the
change of the surface free energy and can be expressed as

8F ., = - —Ln* (11)

So far we have not given the detailed form of the shape of the
cross-section (i.e. that of ®(x,y), do(x,y), ¥, (x.y), and ¢, (x,y)).
The exact shape of the cross-section can only be obtained when the
model system is solved by statistical mechanics with the given internal
column interactions.” This is beyond our present knowledge. What
we can do in the following is (1) give the approximate forms of ®,(x, y),
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Yo(x,y), ¥y(x,y) and Y, (x,y) according to symmetry considerations
(the shape of the cross-section is then given); (2) give the expression
of the surface free energy per unit area from the given shape, from
which the Wulff plot can be constructed; (3) calculate the change of
total surface free energy through the transition and compare the
results with Eq. (11) in order to determine the coefficient J in Eq. (8).
This turns out to be associated with the detailed form of the shape
of the cross-section, not just the symmetry.

Let us consider the [1, 0, 0] state in the low temperature phase.
From Egs. (9a) and (9b), we have

2 2
= -FL 4 (12a)
J
& = 0. (12b)

The shape of the cross-section is now given by Egs. (2), (3), and
(12). i.e.

@y (x,y) + €lp(x,y) + Al (x,y) = 0 (13)

with ¢, being determined by Eq. (5). We expect that there no faceted
surfaces and sharp corners appear in our system. The arguments are
as following. In ECS problems, faceted surfaces corresponding to the
low index planes stem from the existence of cusps in the Wulff plot,”--1°
which is closely related with the appearance of steps when the surface
is oriented slightly differently from low index planes. As the tem-
perature increases these cusps will be blunted by the thermodynamic
fluctuations of the steps and finally disappear at the roughing tran-
sition temperature. Above the roughening temperature the shape of
the equilibrium crystal will be totally rounded and close to a sphere
as the melting point is approached. Now in columnar liquid crystals,
the measured D, — Isotropic transition temperature (melting point)
in HAT materials is 118°C (or 391°K), and the temperature range we
are interested (near D, — D, transition) is around 105°C (or 378°K)
which is fairly close to the melting point. In this case, we expect that
the shape of the cross-section of the strand is everywhere rounded
without facets and sharp corners, and even that the difference be-
tween the real shape and a circle is tiny. We suppose that the shape
of the cross-section in the high temperature phase is a circle. So, we
take

Dy(x,y) =x* +y? — R*=0. (14)
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As we mentioned above, Uy(x, y), ¥, (x,y), and ¥, (x, y) are the basis
of the relevant IRs of Cg,. Each of them can be formed by summing
various homogeneous polynomials in different orders, and is generally
a power series. We will limit these functions to include up to the
quadratic polynomials and ignore the higher order corrections. Then
we have

Uo(x,y) = C; + G(x* = y?) (15)

and
Pi(x,y) = x2 - y? (16a)
Py (x,y) = 2xy. (16b)

Substituting Egs. (14) through (16) into Eq. (13), the shape of the
cross-section in [1, 0, 0] state is given by

X2+ y2 — R+ g[C, + G(x> + y)] + A(x> —y) = 0. (17)

The term ¢,[C, + C,(x* + y?)] in Eq. (17) can further be written as
6(C, + CRY) + Cuep(x® + y* — R?). Near the transition ¢, and A
are small. We will see that ¢, is in order of A? (see Eq. (19)), and
x* + y?> — R?is in order of A. So, C,eo(x? + y* — R?) is in order
of A’ and will be ignored in Eq. (17). We rename ¢,(C; + C,R?) as
€. Finally, Eq. (17) can be simplified to

2+ v - R+ ¢+ A(X> - y?) =0. (18)
As a result of Eq. (5), we have
& = (1 — V1 - A?)R%. (19)

Putting Eq. (19) back into Eq. (18), we obtain

2 2

x° N y
1—A1/4R2 1+A1/4R2
1+A 1-A

Eq. (20) is nothing but the equation of an ellipse with its two axes

along x and y axes respectively. The Wulff plot structure, which can
be constructed from the known surface free energy per unit area as

= 1. (20)
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a function of the orientation of the interface, and the shape of the
cross-section are connected by a Legendre transformation.”!* So, we
can give the Wulff plot structures of our system in the high and low
temperature phases from Egs. (14) and (20) respectively. For the
high temperature phase, the Wulff plot is apparently a circle because
we assumed that the shape of the cross-section is a circle. Then the
surface free energy per unit area «(8) as a function of the orientation
of the interface should be

a(8) = oy = Const. (21)
where the exact value of o depends on the internal interactions

among different columns. For the low temperature [1, 0, 0] state, we
obtain from the Legendre transform

a(6) = a1 — Acos20. (22)

Eq. (22) can easily be put in a more general form which fits all three
orientational states:

a(8) = aV1 — € cos20 — €Jsin26 (23)

It can be proved that the Wulff plots constructed by Eq. (21) and
Eq. (22) will give the shapes of the cross-section in high and low
temperature phases exactly the same as described by Eqgs. (14) and
(20) respectively, by following the procedures in Andreev’s paper.!!
Generally, a in Eq. (23) may depend on €}, but it will not change
the Wulff plot structure and the shape of the cross-section.

To see how the constant J in Eq. (7) depends on the shape of the
cross section in the following, we will consider a to be independent
of €. Then a and a, will be the same because they should be equal
when € approach to zero. The total surface free energy per unit
length of the strand can be calculated by

F, = f a(0)dS . (24)

The intregral in Eq. (24) is over the whole surface area 3. In the
high temperature phase

F, = 2uRo, (25)
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and in the low temperature phase
1
F, = 2w Ro,(1 — A%V = 211Ra0<1 - ZAZ + ) (26)

The change of the surface free energy through the transition is

R 2w Ragp®n?
SF, = _12;"0A2: __ﬂ_;(z)iﬂ" (27)
On the other hand, Eq. (11) gives
2p? 4w Rp’n?*
BF; — __.“;‘_L,q-x: __T_T_Jp'_n. (28)
Comparing Eq. (27) with (28), we find
J = %’ (29)

If the corrections from the higher order polynomials are added to
®g, ¥y, U,, and Y,. The calculations after Eq. (14) should be reper-
formed. The results obtained for J can be expected to be different
from Eq. (28). This means that the constant J depends on the details
of the shape of the cross-section.

In this paper, we gave a free energy expression for a freely sus-
pended discotic strand system in discussing the changes of the surface
properties through a phase transition; An approximate shape of the
cross-section in the low temperature phase and its dependence on
order parameter were given; The Wulff plot structure was also ob-
tained from the given shape; Finally, we indicated the dependence
of the coefficients J on the detailed shape of the cross-section.
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